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1. INTRODUCTION
In this paper we study the second-order initial value problem,
Y Xy s f t f t , y , y , on 0, T , .  . 
1.1 .X y 0 s y 0 s 0, .  .
 .here T ) 0 is fixed where our nonlinear term f may be singular at either
 . Xi y s 0 but not y s 0,
 . Xii y s 0 and y s 0, or
 . Xiii y s 0 but not y s 0.
The literature on the existence of solutions to nonsingular initial value
 w x .problems is vast see 5, 6 and their references . However very few results
are available for singular initial value problems of the preceding form; we
U E-mail address: matravip@leonis.nus.sg.
441
0022-247Xr99 $30.00
Copyright Q 1999 by Academic Press
All rights of reproduction in any form reserved.
AGARWAL AND O'REGAN442
w xrefer the reader to 1, 2, 4,7 . As a result the goal of this paper is to fill this
gap in the literature.
For convenience we recall the following existence principle which we
.use throughout this paper for the initial value problem,
Y Xy s f t F t , y , y , on 0, T , .  . 
1.2 .X y 0 s y 0 s a. .  .
w xTHEOREM 1.1 3, 6 . Suppose
x x 1w xf g C 0, T with f ) 0 on 0, T and f g L 0, T , 1.3 . 
and
w x 2F : 0, T = R ª R is continuous 1.4 .
< < < <are satisfied. In addition assume there are constants M ) 2 a and M ) a ,0 1
independent of l, with
< < < X <y y0 0
< <y s max , / 1,1  5M M0 1
1w x 2 xfor any solution y g C 0, T l C 0, T to
yY s lf t F t , y , yX , on 0, T , .  .  .
1.5 .X l y 0 s y 0 s a, .  .
 . < < <  . <  .for each l g 0, 1 ; here u s sup u t . Then 1.2 has a solution0 w0, T x
1w x 2 x < <y g C 0, T l C 0, T with y F 1.1
2. SINGULARITIES AT y s 0 BUT NOT AT yX s 0
In this section our nonlinearity f may be singular at y s 0, but is not
singular at yX s 0. Throughout this section we assume the following
conditions hold
w x xf g C 0, T , with f ) 0 on 0, T , 2.1 .
w x wf : 0, T = 0, ` = 0, ` ª 0, ` is continuous with . . .
2.2 . w xf t , u , p ) 0, for t , u , p g 0, T = 0, ` = 0, ` , .  .  .  .
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w x¡f t , u , p F g u q h u w p on 0, T = 0, ` = 0, ` with .  .  .  .  .  .
~g ) 0 continuous and nonincreasing on 0, ` , and .¢h G 0, w G 0 continuous on 0, ` ,.
2.3 .
a
g x dx - `, for any a ) 0, 2.4 .  .H
0
for constants H ) 0, L ) 0 there exists a function¡
w x  xc continuous on 0, T and positive on 0, T , andH, L~ 2.5 .g .  .a constant g , 0 F g - 1 with f t, u, p G c t pH , L¢ w x  x w xon 0, T = 0, H = 0, L ,
 .1r 1yga xt
f t g 1 y g f s c s ds dx dt - `, .  .  .  .H H H H , L / /0 0 0
for any a ) 0, 2.6 .
` du
T - ,H y1 u< <I f H g x q h x dx .  . .0 0 0
z u
where I z s du, z ) 0, 2.7 .  .H w u .0
and
I ` s `; 2.8 .  .
< < <  . <here f s sup f t .0 t gw0, T x
 .  .  .THEOREM 2.1. Suppose 2.1 ] 2.8 hold. Then 1.1 has a solution y g
1w x 2 x  xC 0, T l C 0, T with y ) 0 on 0, T .
Proof. Choose e ) 0 with
` du
T - . 2.9 .H y1 u< <I f H g x q h x dx q I e .  .  . .e 0 0
 4  . Also choose n g 1, 2, . . . with 1r 2n0 - e and let N s n , n q0 0 0 0
41, . . . . We first show that
¡ Y w X xy s f t f t , y , y , for t g 0, T , .  . 
m~ 1 2.10 .Xy 0 s y 0 s .  .¢ m
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has a solution for each m g N ; here0
1 1¡
f t , u , p , u G , p G , .
m m
1 1 1
f t , u , , u G , p - , /m m m
w ~f t , u , p s . 1 1 1
f t , , p , u - , p G , /m m m
1 1 1 1
f t , , , u - , p - .¢  /m m m m
 .mTo show 2.10 has a solution for each m g N we apply Theorem 1.1.0
Consider the family of problems,
¡ Y w X xy s lf t f t , y , y , for t g 0, T , .  . 
m~ 1 2.11 . lXy 0 s y 0 s , m g N , .  .¢ 0m
2w x  .mfor 0 - l - 1. Let y g C 0, T be any solution of 2.11 . It is immediatel
 . X . w x  .that y t G 1rm and y t G 1rm for t g 0, T . Suppose y T ) e . Now
yX t yY t .  .
XF f t g y t q h y t y t , for t g 0, T , 2.12 .  .  .  .  .  . .  .Xw y t . .
and so integration from 0 to t yields
 .y tX y1 < < w xy t F I f g x q h x dx q I e , for t g 0, T . .  .  .  .0H /0
2.13 .
Now integrate from 0 to T to obtain
du .y T F T ,H y1 u< <I f H g x q h x dx q I e .  .  . .1rm 0 0
and because 1rm - e we have
du .y T F T . 2.14 .H y1 u< <I f H g x q h x dx q I e .  .  . .e 0 0
Let
z du
J z s , for z G e . . H y1 u< <I f H g x q h x dx q I e .  .  . .e 0 0
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 .  .Now 2.9 and 2.14 imply
y T F Jy1 T , .  .
and so we have
y1 w xy t F max e , J T ' M , for t g 0, T . 2.15 4 .  .  .0
 .This together with 2.13 yields
M0X y1 < < w xy t F I f g x q h x dx q I e ' M , for t g 0, T . .  .  .  .0H 1 /0
2.16 .
 .m 1w xNow Theorem 1.1 implies that 2.10 has a solution y g C 0, T withm
1 1
X w xF y t F M and F y t F M , for t g 0, T . 2.17 .  .  .m 0 m 1m m
In addition y satisfiesm
¡ Y X xy s f t f t , y , y , for t g 0, T , .  . ~ 1
Xy 0 s y 0 s . .  .¢ m
 .Next we obtain a sharper lower bound on y . Notice 2.5 guarantees them
 . w x  xexistence of a function c t continuous on 0, T and positive on 0, TM , M0 1
  . X  ..  .w X  .xgand a constant g , 0 F g - 1 with f t, y t , y t G c t y t form m M , M m0 1
  . X  .. w x  x w xt, y t , y t g 0, T = 0, M = 0, M . This impliesm m 0 1
 .1r 1ygxt
y t G 1 y g f s c s ds dx ' a t , .  .  .  .  .H Hm M , M 00 1 /0 0
w xfor t g 0, T . 2.18 .
 .  .  .  .It is immediate from 2.6 , 2.17 , and 2.18 and the differential equation
that
y  j. is a bounded, equicontinuous 4mg Nm 0 2.19 . w xfamily on 0, T for each j s 0, 1.
The Arzela]Ascoli theorem guarantees the existence of a subsequence N
1w x  j. w xof N and a function y g C 0, T with y converging uniformly on 0, T0 m
 j.  . X .  .to y as m ª ` through N; here j s 0, 1. Also y 0 s y 0 s 0, 0 F y t
AGARWAL AND O'REGAN446
w x X . w x  .  .F M for t g 0, T , 0 F y t F M for t g 0, T , and y t G a t for0 1 0
w x   x.t g 0, T in particular y ) 0 on 0, T . Now y , m g N, satisfiesm
1 1 t Xy t s q t q t y s f s f s, y s , y s ds. 2.20 .  .  .  .  .  . .Hm m mm m 0
 .Let m ª ` through N in 2.20 to obtain
t Xy t s t y s f s f s, y s , y s ds. 2.21 .  .  .  .  .  . .H
0
 . Y  .  X.From 2.21 we deduce immediately that y s f t f t, y, y for t g
 x0, T .
 .  xRemark 2.1. It is easy to relax 2.1 as follows: f g C 0, T with f ) 0
 x pw xon 0, T and f g L 0, T for some constant p, 1 F p F `. Now of course
we need to adjust appropriately the other assumptions. Essentially the
same reasoning as in Theorem 2.1 will establish the result. The only major
 .  X.1r q Xchange is that 2.12 has y instead of y ; here q is the conjugate to p.
EXAMPLE 2.1. Consider the initial value problem,
Y ya b xy s y q Ay q B , for t g 0, T ,
2.22 .X y 0 s y 0 s 0, .  .
1with 0 - a - , b G 0, A G 0, and B G 0. If2
`1 du
T - , 2.23 .H 1ya 1qb’2 0 u r 1 y a q A u r 1 q b q Bu .  .’
 . 1w x 2 x  xthen 2.22 has a solution y g C 0, T l C 0, T with y ) 0 on 0, T .
 . ya  . bWe will apply Theorem 2.1 with f s 1, g u s u , h u s Au q B,
 .  .  .  .  yaand r s 1. Clearly 2.1 ] 2.4 because 0 - a - 1 , 2.5 with c s HH , L
.  .and g s 0 , and 2.8 are satisfied. Also notice
 . ya1r 1ygx Ht 21 y g f s c s ds dx s t , .  .  .H H H , L / 20 0
1 2 .  .and so 0 - a - guarantees that 2.6 holds. Finally because I z s z r22
 .  .we notice that 2.23 guarantees that 2.7 is true. Theorem 2.1 now
establishes the result.
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3. SINGULARITIES AT y s 0 AND yX s 0
In this section f may be singular at y s 0 and yX s 0. Throughout this
section we assume the following conditions hold
w x xf g C 0, T , with f ) 0 on 0, T , 3.1 .
w xf : 0, T = 0, ` = 0, ` ª 0, ` is continuous, 3.2 .  .  .  .
¡f t , u , p F g u q h u r p q w p .  .  .  .  .
w xon 0, T = 0, ` = 0, ` with .  .~ 3.3 .
g ) 0, r ) 0 continuous and nonincreasing on 0, ` , and .¢h G 0, w G 0 continuous on 0, ` ,.
a
g x dx - `, for any a ) 0, 3.4 .  .H
0
for constants H ) 0, L ) 0 there exists a function c continuous¡ H , L~ w x xon 0, T and positive on 0, T , with f t , u , p G c t .  . H , L¢ w x x xon 0, T = 0, H = 0, L , 
3.5 .
a t t¡
f t g t y s f s c s ds r f s c s ds dt - ` .  .  .  .  .  .H H HH , L H , L~  /  /0 0 0¢for any constant a ) 0,
3.6 .
` du
T - ,H y1 u< <R f H g x q h x dx .  . .0 0 0
z u
where R z s du, z ) 0, 3.7 .  .H w u q r u .  .0
and
R ` s `. 3.8 .  .
 .  .  .THEOREM 3.1. Suppose 3.1 ] 3.8 hold. Then 1.1 has a solution y g
1w x 2 x  xC 0, T l C 0, T with y ) 0 on 0, T .
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Proof. Choose e ) 0 with
` du
T - , 3.9 .H y1 u< <R f H g x q h x dx q R e .  .  . .e 0 0
 .m  .m 2w xand let n , N , 2.10 , and 2.11 be as in Theorem 2.1. Let y g C 0, T0 0 l
 .m  .be any solution of 2.11 and suppose y T ) e . Essentially the samel
reasoning as in Theorem 2.1 establishes
y T F Sy1 T , .  .
where
z du
S z s , for z G e . . H y1 u< <R f H g x q h x dx q R e .  .  . .e 0 0
Thus we have
1
y1 w xF y t F max e , S T ' M , for t g 0, T , 3.10 4 .  .  .0m
and
1 M0X y1 < <F y t F R f g x q h x dx q R e ' M , .  .  .  .0H 1 /m 0
w xfor t g 0, T . 3.11 .
 .m 1w xNow Theorem 1.1 implies that 2.10 has a solution y g C 0, T withm
1 1
X w xF y t F M and F y t F M , for t g 0, T . 3.12 .  .  .m 0 m 1m m
 .  .Next notice 3.5 guarantees the existence of a function c t continu-M , M0 1w x  x   . X  ..  .ous on 0, T and positive on 0, T , with f t, y t , y t G c t form m M , M0 1
  . X  .. w x  x  xt, y t , y t g 0, T = 0, M = 0, M . This impliesm m 0 1
tX w xy t G f s c s ds ' a t , for t g 0, T , 3.13 .  .  .  .  .Hm M , M 00 1
0
and
t w xy t G t y s f s c s ds ' a t , for t g 0, T . 3.14 .  .  .  .  .  .Hm M , M 10 1
0
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 .  .  .  .It is immediate from 3.6 , 3.12 ] 3.14 and the differential equation that
y  j. is a bounded, equicontinuous 4mg Nm 0 3.15 . w xfamily on 0, T for each j s 0, 1.
 .Now apply the Arzela]Ascoli theorem as in Theorem 2.1 to finish the
proof.
 .Remark 3.1. One could relax condition 3.1 as in Remark 2.1.
EXAMPLE 3.1. Consider the initial value problem,
ybY X ya gw xy s y y q Ay q B , for t g 0, T , . 
3.16 .X y 0 s y 0 s 0, .  .
with 0 - a - 1, b ) 0, A G 0, B G 0, g G 0, and 2a q b - 1. If
du`
T - , 3.17 .H  .1r 2qb1ya 1qb0 u u
2 q b q A q Bu . /1 y a 1 q b
 . 1w x 2 x  xthen 3.16 has a solution y g C 0, T l C 0, T with y ) 0 on 0, T .
 . ya  . bWe will apply Theorem 3.1 with f s 1, g u s u , h u s Au q B,
 . yb  .  .  .  yb ya .r p s p , and w s 0. Clearly 3.1 ] 3.4 , 3.5 with c s H L ,H , L
 .  .  .3.6 because 2a q b - 1 , and 3.8 are satisfied. In addition because
 .1r 2qby1R z s 2 q b z , .  . .
 .  .we notice that 3.17 guarantees that 3.7 is true. Theorem 3.1 now
establishes the result.
4. SINGULARITIES AT yX s 0 BUT NOT AT y s 0
In this section f may be singular at yX s 0 but not at y s 0. Throughout
this section we assume the following conditions hold
w x xf g C 0, T , with f ) 0 on 0, T , 4.1 .
w xf : 0, T = 0, ` = 0, ` ª 0, ` is continuous with.  . .
4.2 . w xf t , u , p ) 0 for t , u , p g 0, T = 0, ` = 0, ` , .  .  .  .
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w x¡f t , u , p F h u r p q w p on 0, T = 0, ` = 0, ` with .  .  .  .  .  .
~r ) 0 continuous and nonincreasing on 0, ` , and .¢h G 0, w G 0 continuous on 0, ` ,.
4.3 .
for constants H ) 0, L ) 0 there exists a function c continuous¡ H , L~ w x xon 0, T and positive on 0, T , with f t , u , p G c t .  . H , L¢ w x w x xon 0, T = 0, H = 0, L ,
4.4 .
a t
f t r f s c s ds dt - `, for any a ) 0, 4.5 .  .  .  .H H H , L /0 0
` du
T - ,H y1 u< <R f H h x dx . .0 0 0
z u
where R z s du, z ) 0, 4.6 .  .H w u q r u .  .0
and
R ` s `. 4.7 .  .
 .  .  .THEOREM 4.1. Suppose 4.1 ] 4.7 hold. Then 1.1 has a solution y g
1w x 2 x  xC 0, T l C 0, T with y ) 0 on 0, T .
Proof. Choose e ) 0 with
` du
T - , 4.8 .H y1 u< <R f H h x dx q R e .  . .e 0 0
 .m  .m 2w xand let n , N , 2.10 , and 2.11 be as in Theorem 2.1. Let y g C 0, T0 0 l
 .m  .be any solution of 2.11 and suppose y T ) e . Essentially the samel
reasoning as in Theorem 2.1 establishes
y T F Vy1 T , .  .
where
z du
V z s , for z G e . . H y1 u< <R f H h x dx q R e .  . .e 0 0
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Thus we have
1
y1 w xF y t F max e , V T ' M , for t g 0, T , 4.9 4 .  .  .0m
and
1 M0X y1 < < w xF y t F R f h x dx q R e ' M , for t g 0, T . .  .  .0H 1 /m 0
4.10 .
 .Essentially the same reasoning as in Theorem 2.1 or Theorem 3.1
establishes the result.
 .Remark 4.1. One could relax condition 4.1 as in Remark 2.1. In fact
 x  x 1w xone could take f g C 0, T with f ) 0 on 0, T and f g L 0, T if we
w .assume h is nondecreasing on 0, ` . Of course we need to adjust appropri-
ately the other assumptions.
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